Journal of Statistical Physics, Vol. 32, No. 3, 1983
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We study the plane rotator model with hamiltonian
1 cos(d, — 6,)
—ix#y xy |x — yPte

where J,, for different pair (x, y) are independent symmetric random variables.

It is proved that for almost all J, al// the Gibbs states P(J) are rotation invariant.

KEY WORDS: Random interaction; random variabie long range; spin
glass; relative entropy.

1. INTRODUCTION

A spin glass is a dilute magnetic alloy where magnetic impurities, say Fe,
are dilute in a nonmagnetic metal, say Au. Experimentally the susceptibility
have a cusp at some temperature Tg.t" It is believed!® that this comes
from the Ruderman—Kittel-Kasuya-Yosida (RKKY) spin—spin interaction
of the impurities. This is given by the formula

H(x, y)=J(x, »)S(x) - S(y) (L.1)
where

_A—IE cos(2ks|x = yl)

J(x,y)= -y

S(x) is the spin of the impurity and kp the Fermi momentum. The RKKY
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interaction is long range and rapidly oscillating. The first simplification of
this model comes from Edwards and Anderson,”” who argue that this is the
oscillating of the exchange interaction which is essential to produce a spin
glass. They introduce a model with random short-range interaction: the
J(x, y) were Gaussian random variables. They introduce two order param-
eters which characterize a spin glass phase: Let { M(J) denote expectation
with respect to a Gibbs state corresponding to a given configuration of
exchange interactions J. Let E denote the expectation with respect to the
random variables J. The first parameter is the mean magnetization
E[{S;>(J)] which is assumed to be zero. The second parameter is gg,
=E[{S)(J) - (SH)(J)], which is strictly positive in a spin glass phase.

Historically the first investigation was about mean field theory: Ed-
wards and Anderson (EA)® predict a spin glass phase. Sherrington and
Kirkpatrick (SK)* define a random Curie-Weiss theory which predicts
also a spin glass phase but leads to negative entropy at low temperature.
The use of the n-replica trick has been suggested as cause of this unphysical
phenomenon. An alternative approach to this problem was proposed by
Thouless, Anderson, and Palmer (TAP)® in which the n-replica trick is
avoided. The so-called TAP equation for the two previous order parameters
of EA shows a spin glass phase for the SK model. There exists a rigorous
proof of this fact in Thompson.(®

For a more realistic model of spin glass, the existence of a phase
transition from conventional phases into a spin glass phase is much less
clear. One important question is the lower critical dimension D, for spin
glass phase ie., if D > D, there is a spin glass phase and if D < D, there is
no spin glass phase (in the case of nearest-neighbor interactions). There are
many controversies on the subject (see the paper of S. Kirkpatrick in Ref. 7
and Villain in Ref. 7). Most of the authors expect that Dy =2 or 3 of the
Ising model and D, = 3 or 4 for a model with continuous internal symme-
try such as the classical x—y model (see Refs. 8-13).

Rigorous results on spin glass are few: Vuillermot!'? proved that the
infinite-volume limit of the free energy (with free boundary conditions) is
almost surely equal to the infinite-volume limit of the quenched free energy
fie., (1/|ADE(logZ,)]. Vuillermot gave abstract conditions on random
variables J. In the case J(x, y) =J,,/|x — y|*@ where d is the dimension of
the lattice and J,, are independent random variables, say Bernoulli sym-
metric random variables, his condition is equivalent to a > 1. This is the
usual condition to obtain a well-defined infinite-volume free energy.

Ledrappier in Ref. 15 proved similar results in the case of the nearest-
neighbor Ising model. He proved also a variational principle in an abstract
case where J need not be independent.
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Khanin and Sinai'® proved the stronger result that if @ > 1/2 then
the infinite-volume free energy exists almost surely, is independent of the
boundary condition, and is almost surely equal to the infinite volume
quenched free energy. It is asserted (without proof) that if & < 1/2 infinite-
volume free energy is almost surely divergent. The proof is given for the
Ising system, and it is asserted, without proof, that the same result is true
for the bounded continuous spin model.

There are also results related to the uniqueness of Gibbs states:

In one dimension and long-ranged Ising model Khanin!'” proved that
if & = 3/2 + € then for almost all J there is only one Gibbs state P(J). For
the same model Cassandro, Olivieri and Tirozzi'® proved that the infinite-
volume free energy is almost surely C* in B and in the magnetic field A.
They proved the same result for the infinite-volume quenched free energy.
Remark that in the case where all J,, =1 the previous results are false:
there exists spontaneous magnetization.'” The random character of the
interaction is crucial.

In the two-dimensional nearest-neighbors Ising spin glass Avron,
Roepstorff, and Schulman®® proved that the first parameter of Edwards
and Anderson vanished; in fact they proved more: for any

ACT [E,R I ax>(1)} -
xXEA
In one and two dimensions Vuillermot!® proved, by using a Bogoliu-
bov-type inequality, that in models with continuous internal symmetry
there is no mean ordering. He did not prove that the second-order parame-
ter of EA (gg,) vanishes but rather that almost surely

Jm [y = ()] =0 (12)
Ah_])gzlE[ lfl\l <S(3)>(J)} =0 (1.3)

where S is the 3-component of the spin S,. A more realistic parameter
for spin glass phases is, as quoted by Vuillermot,

lim SN(IY)| or hm SOV 1.4
Jm | S o] ] S (50| a9
On the other hand, in the two-dimensional case with long-range exchange
J(x, ) =J,,/|x — y|* with J,, independent symmetric Bernoulli random
variables, Vuillermot condition for zero mean ordering is a« > 4 + €. Let us
remark that if o > 4, Pfister and Frohlich®'?? have proved that there is no
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breakdown of the symmetry and the sign of J,, can be arbitrary. There
theorem applies in the spin glass case, if the J,, are bounded random
variables.

In this paper we study the classical (x—y) spin glass model in two
dimensions with long-range exchange interaction J(x, y) = J, /[x — yPre
By using a random version of the relative entropy argument of Frohlich
and Pfister,\*® we prove that for almost all J there is no breakdown of the
symmetry. This is a stronger result than the vanishing of the EA parameter
gea. Remark that if all J,, are equal to unity there is breakdown of the
symmetry (see Kunz and Pfister(?®).

Since, as quoted by most authors (Anderson'” or Kirkpatrick?), the
energy H (J)~{ [HXJ)]'/? the reader can wonder why the argument
does not apply when J(x, y)=J,,/|x — y[**¢ because in this case the
Hamiltonian is “equivalent” to the ferromagnetlc one with exchange inter-
action J(x, y) = 1/|x — y|***, which is the usual condition for absence of
breakdown of symmetry. The same kind of argument implies that in the
three-dimensional nearest-neighbor classical x—y spin glass model there is
no breakdown of the symmetry. In fact H,(J,0,,0,.) ~E[hi(J,0,,0,)]"/?
is true (as the law of iterated logarithm for tail sums®? asserts) for a given
configuration of the spins.

We have to consider simultaneously all the (strongly dependent) ran-
dom variables H,(J,0,,0,.) obtained by changing the spin configuration
and not only one random variable. This can be done and gives useful result
in the case a =3+ €. In the a =2+ ¢, € <1 or in the three-dimensional
case the arguments used in this paper do not give useful results. A new
method has to be found.

2. DESCRIPTION OF THE METHOD AND MAIN RESULTS

One considers the classical x—y spin glass model in two dimensions,
the Hamiltonian of which is given by the following: If A is a finite box

J,
Hy(0p,00)=~ 2 2 ———5~cos(h,—8,) (21
xE€A ye7\(x) |x =y
where 8, = (#,), <, 1 a configuration. For any x, 8, belongs to the torus IT.
We assume that (J,,), ) cz+ are independent identically distributed random
variables with mean zero. We assume also that the J and the # are
independent. For the sake of simplicity we will assume that J,, = +1 with
probability 1/2.
The result of this paper is the following:

Theorem 2.1. Let P(J) be any external Gibbs state corresponding to
the Hamiltonian (2.1). Then for almost all J, P(J) is invariant by rotation.
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One remarks also that the Theorem 2.1 implies
(cos8,)(J) =fP(J)(d0)cosl)x= 0
for almost all J and in particular
) E(<cos8,>,y) =0
(if) gea = E(<cos8, ;) =0

The proof is based on the following arguments which come from Pfister*"
and Fréhlich and Pfister.(??

Let P be an external Gibbs state and P, be the Gibbs distribution in a
finite volume A given a boundary condition 8,. that is

exp — BH(0,,0,)[1xecadl,
Giving a € %, a= (a,), ez n such a way that a, = 0 except in a finite
subset of 72, say A, then one defines # + a as (f + a), = 0, + a, Vx € 77,
and let 7, P be the image of P by the map 8 —> # + a. It is clear that 7, P is
absolutely continuous with respect to P. Moreover

dr, P

J
= v —f - — —
S5 = exp B);y T [cos(b’x 8, — a, +a)— cos(f, Hy)]

Po(dhy,0y) = 22)

(2.3)

If A, is finite the sum in the right-hand side of (2.3) is bounded since
a, — a, = 0if {x, y} belongs to Ag. The relative entropy 7, P with respect to
P is given by

dr, P

S(r,P/P) = —fp(do)log( - ) (o H-Hy,  (24)

One can look instead at the relative entropy of 7,7 ® 7_,P with respect to
P ® P; this gives

S(r,P®7_,P/P®P)={(r,H+7_,H—2H), (2.5)
One remarks
S(t,P®r_,P/P®P)=S(r,P/P)+ S(1_,P/P)  (26)
By the Jensen inequality S(7,P/P) > 0 and S(7__,P/P) > 0; therefore if
S(r,P/P)+ S(t_,P/P)< k we get S(1,P/P) < k.
Now we choose the (a,), <z in the following way: Let |x| = Max(|x,],

1%,]) if x = (x,,x,) € 7% We rotate all the spins §, which belong to a square
A, centered at the origin (defined by [x| < /) by an arbitrary 1 € II.
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On each crown (defined by |x| = const.) we rotate the spins 8 by

-

F(ILL) 55 ¥

it I<|x|<L (2.7)

a, = alxl =
where
L
F(LLy= > 1/k
k=1

a,=0 i |x|>L

X

Call g;; such a rotation.
If we can prove that almost surely (with respect to J) and uniformly
with respect to /

Jlim (7, P/P)=0 (2.8)

then lim, , 7, ; P is absolutely continuous with respect to P (by the Jensen
inequality and the fact that (2.8) implies: there exists a measurable function
k(J) such that Prob{k(J) = 0] =0 and S(r,, P/ P) < k(J).

On the other hand lim, 7, P restricted to A, coincides with the
Gibbs states P obtained by turning a/l the spins of an angle t, therefore P is
absolutely continuous with respect to P. Since P is extremal, this implies
P = P. This is Theorem 1.

Instead of proving (2.8), we prove the following proposition which
implies (2.8):

Proposition 2.2. Uniformly with respect to /, uniformly with respect
to 8, almost surely with respect to J

lim AH(q,,)= lim L[—r, H—7_, H+2H]=0 (29)

L—>oo IL—>w 4

Remark. The crucial fact is the uniformity with respect to #. Non-
_ uniform results are trivial but useless.
One remarks that AH(q;,) can be written as

J. a4, a
AH(a;)= — 2 —2—— cos(f, — By)smz( 5 y) (2.10)

Ix =yl

xa&y
because

cos(f + a) + cos(f — a) — 2cos(f) = 4cosOsin2( %)
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Since
a, =0 if xeAj={xeZ’/|x|>L)
a,=a, if xeA,
we get
AH(a;)=2 > + > +2 > (2.11)
xEAN; x EANA, x EANA,
yEA]  yEANA; yEA]

Therefore, if A; and A, are two boxes, we will define

J a, —a
AH(8, ,0,) = — _ Y cos(8, - 8 sinz( o y)
R

(2.12)
The strategy of the proof of the Proposition 2.2 is the following:

Step 1

We prove that we can restrict in (2.11) the two sums

>  and

xEA, x EANA,
YEA] YEAL

to finite volume one; this comes from the following lemma:

Lemma 2.3. Uniformly with respect to J,A,,8, if [A]=L and
dist(A,, Ay) > L? then

IAH(8,,.0,) < K,/L* (2.13)
for some constant K,. Therefore, we can assume y € A,.,, in the two

previous sums.

Step 2

We prove that we can restrict the two previous sums to a smaller
volume by using probability estimates. We prove the following lemma:

Lemma 2.4. Uniformly with respect to [,0(A; , ), 0(A; 2, NA,yp ;) and
almost surely with respect to J

lim [AH (A1) 0(A 121 Moy, )= 0 (2.14)
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Step 3

We are reduced to estimate the contribution of

AH(O(AL+1):0(Dopsr))
To do this, one decomposes crowns A,; , \A, ., and A, , \A, mto crown
of width L/2,L/2% ..., L/2¥, respectively, and K will be chosen such
that L/2% = O(log L). This construction will be recursive. At the end we
get a family of crowns {€(%), i=1,...,25+ 1} centered at the origin.
We get the following hierarchy:

AH(O(AL4),0(Mgr41))
=20H(0(A),0(£(5+D))

2K+]

+ 2 {AH(H({}.(KH)),G({j(KH))) + 2AH(9(gj(K+1))9(gj(fl+1)))}
j=t
K
vk (2.15)
p=2
for a given p, Rp corresponds to terms as
AH(H({I_(F) ),9(6;({{)) or AH(()({j(p) )9(15,25’{))

which are smaller than those corresponding to adjacent crowns. We prove
the following lemma:

Lemma 2.5. Uniformly with respect to / and #(A,, ;) and almost
surely with respect to J
K

Jlim EzRfo if K=o0(ogL) (2.16)

Step 4

The last step consists in estimating the first three terms of the right-
hand side of (2.15). This corresponds to a “classical (x—y) model with
interaction only between adjacent crowns of width log L.” For this model,
we prove by using an L* estimate the following lemma.

Lemma 2.6. There exists a constant K, and for any / a constant
L) such that uniformly with respect to § and J

AH| < Ky(logL)™© if L > Ly(!) (2.17)

Therefore
lim |JAH|=0 (2.18)

L—>ow
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3. PROOFS OF THE PREVIOUS LEMMAS

Step 1
Proof of Lemma 2.3. This is simply

K — €
BHEA)AIM) < T 2 e S PX—— =KL
x€Ay i y5 22 IV (L?)

(3.1)

for some constant K.

Step 2

Step 2 is based on the following classical probability estimates of large
deviation of sum of independent sub-Gaussian variables.

Lemma 3.1 (Bernstein inequality). Let X,,..., X, be n sub-
Gaussian independent random variables; then

n

>x

i=1

i=1

Prob{ > r{ 2 E(X,.Z)y/z} <2e0? (3:2)

Now, the trick to be used is the discretization of the .
We expand 6 into dyadic expansion. From the measure theoretical
point of view this is an isomorphism:

© A
b= S&  with A, €(01)

n=1

and the Lebesgue measure on II~[0, 1] is nothing but the product measure
on {0, 1}V given by p(©0) = p(1) =1/2. For a given M one defines

M
g = %‘nf clearly |4, —8*| < zl,g (3:3)

n=1

Therefore

|cos(6, — 6, ) — cos(B) — 4| < 2

6, — 00D — g 4 g0
ESL LAl

<2tM (34)
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Thus, if
AH(BUO(A,),090(A,))
J a. —a
_ xy My _ - of BT 4
= XEEA W—CCOS(H)S ) 0)/(M))Sln( 3 > (3.5)
yEA;

one gets
IAM(8(A,),0(A,)) — AM(0CD(A),0(A,))] < constJA 2% (3.6)
In particular in the case where A; = A, ,;,, we choose M such that
A, 2" "M <(logL)™* (3.7)
and we can assume / < L; a choice is
log(4L*(log L)

We remark that M = O(log L). Therefore, it is sufficient to prove Lemma
2.4 with discretized 8™ where M = O(logL). In order to avoid involved
notation, we prove Lemma 2.4 with 8™ (A,., \A,,,,) is replaced by
9(M)(A(L+I)Z\A2(L+l))-

Let L, = L + I, we subdivide the box A,: into boxes A, of side 2L,.
A, will be the centered one. We get

AH(OOD(AL).0M(ANA, )= 3 AH(89D(AL),000(A,))

ACARA,
(3.8)
Now we estimate AM (8*(A,),0*"(A))).
Lemma 3.2. There exists a constant K, such that
Prob[at least for one configuration pair 8 *O(A, )8 *(A)

SH(9PO(A,),090(A))| > LT+ /|2 ]

< 22"y exp — L2+ K2 (3.9)

where z; is the center of A, and § is any real positive number.

Proof. Let us fix the configuration §*)(A, ),0*’(A,) and define
the random variables: if x €A, and y € A,

J, o a,—a .
n(x, y) = |—x—_—;—|m cos(8™ — By(""))smz( ——é—)—’ )lz,-l3+ (3.10)
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Then

AH(OUD(AL),010(A)) = P ,3“ 2 (%, y) (3.11)

yEA

It is easy to see that E(n) = 0, E(y?) < K3, and || < K, for some constants
K5, K;. Therefore, the random variables n are sub-Gaussian random
variables and the variance of 3>, . Ayea(X ) satisfies the following
estimate:
D= 3 E(w(xy) < KiL!
XEN,
YEA

Now if we choose ¢ in the Lemma 3.1, as t= L3*°//D we get ¢ >
L}*%/K, and

2428
Prob|| > n(x,»)| > Li*?| <2exp - 12 (3.12)
x€A,, Kﬁ
YEN;

Now, using the fact that the number of configuration pairs #*7(A, ),
g™ (A,) is bounded above by (2”)*!7 and the subadditivity of the proba-
bility measure we get that the left-hand side of (3.9) does not exceed

@y exp — L2*% /K2 W

Remark. Ttis at this step that the discretization of the angle is useful.
The fact that M is O(logl) is crucial in order to obtain an arbitrarily
small probability of the previous events in the limit L, > co. The choice
1/|x — yP*€ in (2.1) is done in order to obtain (1) a decreasing energy
between two blocks (by choosing 8 < ¢€) if the distance between blocks have
the same order as the side of the block, (2) a probability estimate uniform
with respect to 8. Similar estimates are obtained in the case M =1 by
Khanin and Sinai.('®

In order to prove Lemma 2.4, we need the following crucial fact which
would be used constantly in the sequel.

Lemma 3.3. Let (A)),_; n, and (Ay);—; y, be two families of
disjoint subsets of 72 Call

Ny N,
A=A, and A= UAzj

i=1
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If, for any i and any j
Prob(at least for one configuration pair §*7(A,)),6¢*(A,)

JAH(0(A,),0 (M) > o) < e (3.13)
Then

Prob[at least for one configuration pair § *(A ), 8*(A,)

IAH (8CD(A),0M(Ay)) >Zag} < N Ny (3.14)
L)

Proof. The events in (3.14) are

A=U{

9D(ANOM(A)

)

Z ,j} (3.15)
ij
If we can prove that 4 is contained in B, where

B= U U {J/[AH(@(M)(AU)’g(M)(Azj)I > aij} (3.16)

LJ 0OD(A), 8D (Ay)

The subadditivity of the probability measure implies (3.14).
We prove B¢ is contained in 4°. Let J be an element of B¢; then, for
any ia ]50(M)(A11)70(M)(A21) we get

[AH (8 DAL, 8 (AN < (3.17)

Therefore, for any configuration pair 8 (A)), 0" (A,), the following
inequality is true:

JAH(0D(A), 00D(A))] < S e (3.18)
i

and J belongs to 4°. The lemma is proved. W
Proof of Lemma 2.4. Using Lemmas 3.2 and 3.3, we get

Prob| at least for one configuration pair 8 *)(A, ),0 (A 2\A,, )

AH(9U0(A) 0 (A )| > LIPS —

|3+£

2L3

<L) (2MY Texp — LIPP K} (3.19)
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Now, |z,| is equal to L,|p,|, where p; are the centers of squares with side 2;
therefore 33,1/|z,>*¢ < K,L; > for some constant K.
If we choose 0 < 8 < ¢, we get that

Prob[at least for one configuration pair §*(A, ),0*P(A\A,, )
JAH(09D(AL), 0 (A\A, )] > K4L15“}

is smaller than Ksexp — L?*%°/2K} for some constant K if L, is big
enough. Since X7 - exp — L}*? /2K3? < oo, the first Borel Cantelli lemma
implies Lemma 2.4. W

Step 3

Step 3 is based on the recursive subdivision of crowns shown in Fig. 1.
One defines

{0 =Ny N, G0 = AL N, 630 =My MLy
Now one defines recursively

gi(K), i=1,...,2K
by
619 = E4KTD U G4+

€
&V N [ S
| ot
H e
£4Y e e
e

Fig. 1.
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We obtain the following hierarchy:

AM((AL1)0(0y 4 )
=2AH(8(A),0(€15*DY)

ZK
+ 2 {AH(Q({J_(K+1)),0(-§J_(K+1))) + 2AH(9({]{K+1)),0(4(*{(]4.;)))}
j=1
K
+ 2 R, (3.20)
p=2
where
271 2p-2
R —lezAH(o(gw)) 8(653)) + 2 20H(0 ({2(]”_)1),9({2]_”))
27142
+ 3 2AH(0(A).6(¢)) (3.21)

In order to apply probability estimates, we first discretize the # as in Step 2,
but with different M: Let R be the two first sums in (3.21) and R(M ) the
same sums but with dlscretlzed f. We get the following lemma:

Lemma 3.4. If we choose K =[log[L(logL) ']/log2] and if /<
(log L)'/? then, for some constants K, and K,

X ~ ~ Ll—(
R~ RM| < Kg— = 3.22
;21' p R 62"”—1(logL)2 (322)
K 207142
22 AH(H(A,), U2 0(gJ.<p>)) < Ky(logL)™* (3.23)
P= J=

Proof. Let B, be the crown defined by |x| = n. It is straightforward
that

|AH(0(£j(P>),0(£j(f§)) - AH(g(M)(gj(p)),g(M)(gj(f%))
1 (G+DL27P+ 1 Lsor 1
So———— X 2 { > ——_TP—}

2"4"1[F(1,L)]2 q=jL2P+1 K=1 xEB, |x
YEBy+I+(j+2)L2°P

2

K+(j+2)L27P+1
X { > l/s} (324

s=q
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Now
> ——1——<Kgq[K+(j+2)L2‘f’+l—q]‘2“‘
X€EB, lx _}/|3+€
YEBx+(j+2)L2P+1
(3.25)
and
K+(j+2)L2 P+ 2
( > l/s) <qg K+ (j+2)L/¥+1-q]" (326)
s=q

If we remark that in the right-hand side of (3.24) ¢ is less than /+

(j + 1)L277 the last three sums in the left-hand side of (3.24) are less than
L/2? .
S [K+(G+L27+1-¢q] "< K(L27P)' ¢ (3.27)
K=1

Collecting all these estimates, the left-hand side of (3.24) is less than

.—1 L2—p 1—¢
lO"_—_—‘—'j ( ) 3 (3-28)
P[]
Therefore
L K p(L277y' =
IR, — R™)| < _L‘_}i__)___ (3.29)
M- F(, L))
Summing on p leads to (3.22). We estimate now
20142
AH(H(A,), U 0(5}1’)))
j=2
It is straightforward that
2r-142
AH(a(A,), U 0(4@))) < K2 (L27ry7 e (3-30)
j=2

Therefore, the right-hand side of (3.23) does not exceed K ;/*(L/2%)~! ¢
which together with our hypothesis implies (3.23). The lemma is proved.
]

This lemma, with the choice M = [(1 — €)log L /log2] implies that

f} < 2K¢(log L) -
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and we have to prove Lemma 2.5. With discretized §. We consider the first
sum in (3.21); the proof for the second sum is done along the same lines
We first subdivide each crown €7, ﬁﬁz in squares ¢/ and 63(3 .
width 2L277; each crown is not exactly subdivided, because there is the
centered box A,. On each crown, there are four rectangles of side 2/ x
21277 we call them also 63((;’), ﬁj” , . As we will see later from a probabilis-
tic point of view, the distinction between squares and rectangles is irrele-
vant. Notice that there are 4(2j — 1) squares in each crown and four

rectangles. See Fig. 2.

-

Fig. 2.

According to this decomposition AH (8" (£7),60™)(£/£})) can be written
as
@®) ®j+16)

S 3 an(00p).04(¢(8.) (331
g=1 r=
The following lemma is similar to Lemma 3.2, but here we have to take into

account of the decrease which comes from the rotation a.

Lemma 3.5. If z, and z, denote the center of é(f%,., then, for

some constants K, K;s and any § > 0

Prob{at least for one configuration pair § “(€(),0 M (6.1) )

N HL27PY o (log LY /2
BH(0U( ) 000(6 81> Ky L2 ) (08D

[F(l L)] |z, — 2 e

o 12P 2428
< 2(2’”)2(L2 Vexp| — £—-—)——logL (3.32)

14
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Proof of Lemma 3.5. We consider first the case where £/ é(ﬁ,
are squares. Let us fix the configuration §*)(£(p)), H(M)(é(f%,) and
define the random variable: if x € €/ and y € gff%,

J, sin*(a. —a)| F(I,L
'I)(X,)/) = T (3 )[ ( )] |Zq _ ZrIS+ECOS(0)§M) - gy(M)) (333)
x = P <[log(1 + 1//)]*

It is straightforward that

E(n)=0
, (7| 4 1 ,
E(n°) < Kjg Max /K| ——— <K 3.34
™ Cxedlp |k [log(1 +1/j)" " .
y€ ﬁ(f%r

for some constant K. Therefore, the random variables 7 are sub-Gaussian
random variables and the variance of

> (%)

()
xe gy

yeéf.,
is bounded above by K%4(L277)*. Now if we choose ¢ in Lemma 3.1 as
1= ((L277y**® /YD )(log L)'/?, we get

> L (L277)"*3(log 1)'/2
K12

and this lemma implies that

Probl | 3 n(x,y)| > (L277)’*°(logL)"?

xeg(p)
€S (f%,
L27PyY* Blog [
< 2exp — ( ) £ (3.35)
K

Now, usmg the fact that the number of configuration pairs 9 (&)
9" (£R,) is bounded above by (2M)*£2™)" and the subadditivity of the
probablhty measure we get that the left-hand side of (3.32) does not exceed

2 L2772 Bog I
22 exp (£277) 2 8
Kl2

The lemma is proved if € and ¢ (f%, are squares. If gjf,f) or ﬁj(fﬁ,, are
rectangles, the upper bound for the variance of > n(x, y) is always true, the
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lower bound on ¢:
> _1_ (L2~p)1+8(10gL)1/2
K,

is true and also (3.35). Therefore, the distinction between squares and
rectangles is irrelevant. And the lemma is proved in all the cases. W

Proof of Lemma 2.5. The Lemmas 3.3 and 3.5 lead to the fact that

Prob[at least for one configuration pair §*)(£(P)gM )( &'F ))

AH(940(£9),090(£5))|
Ky (logL)'? | es
>_ BN F 127 S S
[F(I,L):Iz ( ) ( ) qZZr Zq_Z|3+e ]

does not exceed

5 (Lz—p)2+23
2(8j)(8j -+ 16)exp[ M2(L2_P) log?2 - (logL) ———72———— } (3.36)
12
It is straightforward that
| J
— K —J .
Zqur lzq . Zrl3+€ K15 (L/2P)3+e (3 37)
and therefore
r (]')ﬁ2 3+8 1/22 1
> = (L27Py" (log L (3.38
j=1 [F(I,L)]2 ) ) g |2, — z Pt )
does not exceed
10 2p—l L2v~p §—¢ 10 L 1/2
(log2P=7)(L277)" *(log L) (339)

[FL.L))
On the other hand

2P 141

> ()G +2) < Ki2¥
j=1

for some constant K. Collecting these estimates and using Lemma 3.3, we
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obtain that

207142
Prob[at least for one configuration §™ )( U ‘ (P))

207142

3 20 (040(57).0(¢1%)

J

K, (log L)'/?
2———————15( gh) 10g2”‘1(L2””)6—‘

[Fa.L)T
does not exceed
( —~p)2+28
K 2% exp| 2M (L277)log2 — ~—-—K—————logL (3.40)
. 12
Now
K (log27~")
S (log L)/ ————2 (L277)*"
7= [F L))
is bounded above by
K +2)2~ 50y’ " “(log L)!/?
g (K+Q D dog L) o

[F(LL))

Therefore, if we choose

log(L(IogL) h ])
K= [ log?2 }

as in Lemma 3.4, the r’ight-hand side of (3.42) does not exceed
K,g(log L)~ 1/2*3=¢ The subadditivity of the probability measure implies
that

K 277142
Prob/| at least for one configuration §‘¥ )( U U & P))

p=2 j=1

K 277 '+42 o
M
35 AR 00 62)

> Klg(]OgL)’l/2+8(}

does not exceed
( / p)2+28
2M(L277)log2 — ———(log L)
2

K
Kye > 2%exp (3.42)
p=2
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Remember that

log(L(log L)~ l)
log?2

_ log L
and M—[(l €) Tog2 J
therefore (L277) > (L2™%) > (log L) and if L is big enough (log L)/ K3,
—2(1—¢) is bigger than (logL)*®/2K?%; therefore, the sum (3.42) is
bounded above by

& oy (2 0L
p=1 2K}
which does not exceed
2428 2+28
_ glL) L\ (logL)
K2%%exp — (L2 2(————— <(lo L( )ex -
P ) 12 <(oet) gL P 2K122
(3.43)

Now, if L is big enough, the right-hand side of (3.43) is bounded above by
exp — (log L)**?% /4K %, which is the general term of a summable series.
Therefore, we can apply the Borel-Cantelli lemma and the lemma is
proved. W

Step 4
We are now at Step 4. We have to perform an L* estimate of

20H(B(A,), 0(€ 1K)

2K
+ 30 [AH(B(65F0).0(£150) + AM(B(£/5+ D) 0(41£)]
j=1

(3.44)
The first term is bounded above by
7 [logL] | i 2
K 1/r) 3.45
025 | [F(l L)] ( = G5
YEB;

It is straightforward that

1 . q—2—¢
ZB‘ |x—_ﬁ3—: < Kgl[j - l] (346)

and
J—l)

J
1
DI

r=1
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therefore, (3.45) is bounded above by

Ko12 [ . [ogL] P 1)?
17 i (J ) (3.47)

[F(LL)) =0 12 j50a (j— i)

which is less than
K”tz [log L}

K]7t2 I—e
[FGLL) <1 G- D [FL L) {[QogLy+1]} ™" (3.48)

if / < (logL)'/? as in Lemma 3.4 then (3.48) is bounded by
Kls(logL)"’"€
The sum in (3.44) is bounded above by

2K+1 JL2 K14 (+DHL2= K14y

K1912 2 2

[F(I,L)}z =1 m=(-)L27 K41 n=m+]1

% [ S ;}( s | )2 (3.49)

€8, |x =y N\ pEm P
yEBn
which, by (3.46), does not exceed
L2 K=l i+ 1)L2- K141
K19t2 oK jL2 +1 L G+1) E ! (350)
[F(I,L)]z o me(j=Di2-k-14s ™ n=mrr (nTm)

if we take into account the fact that m > (j — NL2~ 51+

(+DL2= ¥4y G+HDL2 K i—m { 12-K .
s 2 A
n=m+1 (n—m) n=1 n=1

which does not exceed K,o(L2™%)! ¢, Now

2641 JL2 K1 L+1
D T
J=lm=(j~1)L2=K-"14/ Jj=1

which is less than K, log((L + /)/1). Collecting all these estimates, we get

Kzz 2 _Kg\1—€
(3.47) < [“1:(_12)7 log(% + 1)(L2 ) 3.51)

As in Lemma 3.4, (L2 %)= 0(logL), therefore, (3.49) < K,,t’(logL)™".
This proves the Lemma 2.6.
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